
Benchmark Functions 

In this Section we are presenting the benchmark functions that are used in this work.  

Table 1 Unimodal and multimodal Benchmark functions 

Function Range fmin 

𝑓1(𝑥) =  ∑ 𝑥𝑖
2𝑛

𝑖=1   
 

[-100, 100] 0 

𝑓2 (𝑥) =  ∑ |𝑥1|𝑛
𝑖=1 +  ∏ |𝑥1|𝑛

𝑖=1   
 

[-100, 100] 0 

𝑓3(𝑥) =  ∑ (∑ 𝑥𝑗
𝑖
𝑗−1 )𝑛

𝑖=1

2
  

 

[-100, 100] 0 

𝑓4(𝑥) =  𝑚𝑎𝑥𝑖 { |𝑥1|, 1 ≤ 𝑖 ≤ 𝑛 }  
 

[-100, 100] 0 

𝑓5(𝑥) =  ∑ [100(𝑥𝑖+1 − 𝑥𝑖
2)2 +  (𝑥1 − 1)2]𝑛−1

𝑖=1   

 

[-100, 100] 0 

𝑓6(𝑥) =  ∑ ([𝑥-
1

+ 0.5])
2𝑛

𝑖=1   

 

[-100, 100] 0 

𝑓7(𝑥) =  
1

2
 ∑ (𝑥𝑖

4 − 16𝑥𝑖
2 + 5𝑥𝑖)𝑑

𝑖=1   

 

[-100, 100] -39.17 

𝑓8(𝑥) =  ∑ [
(𝑥4𝑖−3 +  10𝑥4𝑖−2)2 + 5(𝑥4𝑖−1 −  𝑥4𝑖)

2 

+ (𝑥4𝑖−2 −  2𝑥4𝑖−1)4 + 10(𝑥4𝑖−3 −  𝑥4𝑖)4]
𝑑/4
𝑖=1   

 

[-100, 100] 0 

𝑓9(𝑥) =  ∑ 𝑥𝑖
2 +  (∑ 0.5𝑖𝑥𝑖

𝑑
𝑖=1 )

2
+  (∑ 0.5𝑖𝑥𝑖

𝑑
𝑖=1 )

4𝑑
𝑖=1   

 

[-100, 100] 0 

𝑓10(𝑥) = ∑ [𝑥𝑖
2 − 10 cos(2𝜋𝑥𝑖) + 10]𝑛

𝑖=1   
 

[-100, 100] 0 

𝑓11(𝑥) = 20 𝑒𝑥𝑝 (−0.2√
1

𝑛
∑ 𝑥𝑖

2

𝑛

𝑖=1

) −    𝑒𝑥𝑝 (
1

𝑛
∑ cos(2𝜋𝑥𝑖)

𝑛

𝑖=1

) + 20 + 𝑒 

 

[-100, 100] 0 

𝑓12(𝑥) =  
𝜋

𝑛
 {10 sin(𝜋𝑦1) +  ∑ (𝑦𝑖 − 1)2 [1 + 10 sin2(𝜋𝑦𝑦+1)] +𝑛−1

𝑖=1

(𝑦𝑛 − 1)2 } +  ∑ 𝑢(𝑥𝑖, 10, 100, 4)𝑛
𝑖=1   

𝑦1 = 1 +  
𝑥𝑖+1

4
  

𝑢(𝑥1, 𝑎, 𝑘, 𝑚) =  {

𝑘(𝑥𝑖 − 𝑎)𝑚, 𝑥𝑖 > 𝑎
  0  ,         − 𝑎 < 𝑥𝑖 < 𝑎 

    𝑘(−𝑥𝑖 − 𝑎)𝑚 ,    𝑥𝑖 <  −𝑎 
   

[-100, 100] 0 

𝑓13(𝑥) =
1

4000
∑ 𝑥1

2𝑛
𝑖=1 − ∏ cos (

𝑥𝑖

√𝑖
) + 1𝑛

𝑖=1   [-100, 100] 0 



   
Table 2 Fixed-dimension multimodal benchmark functions 

Function Dim Range fmin 

𝑓14(𝑥) =  (
1

500
 +  ∑

1

𝑗+ ∑ (𝑥𝑖−𝑎𝑖𝑗)
62

𝑖=2

25
𝑗=1 )

−1

   

 

2 [-65, 65] 1 

𝑓15(𝑥) =  ∑ [𝑎𝑖 −  
𝑥1(𝑏1

2+𝑏𝑖𝑥2)

𝑏1
2+ 𝑏𝑖𝑥3+𝑥4

]11
𝑖=1

2

  

 

4 [-5, 5] 0.00030 

𝑓16(𝑥) = 4𝑥1
2 − 2.1𝑥1

4 +
1

3
𝑥1

6 + 𝑥1𝑥2 − 4𝑥2
2 + 4𝑥2

4  

 

2 [-5, 5] -1.0316 

𝑓17(𝑥) = [1 + (𝑥1 + 𝑥2 + 1)2 (19 −  14𝑥1 + 3𝑥1
2 −

14𝑥2 + 6𝑥1𝑥2 + 3𝑥2
2)]  ×  [30 + (2𝑥1 − 3𝑥2)2  × (18 −

32𝑥1  + 12𝑥1
2  + 48𝑥2  − 36𝑥1𝑥2 + 27𝑥2

2)]  

 

2 [-2, 2] 3 

𝑓18(𝑥) =  − ∑ 𝑐1 𝑒𝑥𝑝 (− ∑ 𝑎𝑖𝑗 (𝑥𝑗 − 𝑝𝑖𝑗)
23

𝑗=1 )4
𝑖=1   

 

3 [1, 3] -3.86 

𝑓19(𝑥) =  − ∑ 𝑐1 𝑒𝑥𝑝 (− ∑ 𝑎𝑖𝑗 (𝑥𝑗 − 𝑝𝑖𝑗)
26

𝑗=1 )4
𝑖=1   

 

6 [0, 1] -3.32 

𝑓20(𝑥) =  − ∑ [(𝑋 − 𝑎𝑖)(𝑋 − 𝑎𝑖)𝑇  + 𝑐𝑖 ]
−15

𝑖=1   
 

4 [0, 10] -10.1532 

𝑓21(𝑥) =  − ∑ [(𝑋 − 𝑎𝑖)(𝑋 − 𝑎𝑖)𝑇  + 𝑐𝑖 ]
−17

𝑖=1   
 

4 [0, 10] -10.4028 

𝑓22(𝑥) =  − ∑ [(𝑋 − 𝑎𝑖)(𝑋 − 𝑎𝑖)𝑇  + 𝑐𝑖 ]
−110

𝑖=1   
 

4 [0, 10] -10.5363 

    



 

Fig. 1 Examples of the unimodal and multimodal benchmark functions in their 3D versions 



 

Fig. 2 Examples of the fixed-dimension multimodal benchmark functions in their 3D versions 


